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Abstract 
Parrondo’s gave a paradox, where two losing games together yields winning game when played alternatively, called as 
Parrondo game (a switching strategy). Rani first time studied superior iterates (i.e. superior orbit) in discrete dynamics and 
proves that it increases the solution domain of dynamical system. In this paper, we have studied and analyzed the stability 
of modified and extended logistic map for describing the dynamics of multi-scaled population (sexual reproduction) in 
superior orbit. We have shown that the stability of above maps is extended, and also we found some examples of “chaos1 + 
chaos2 = order” or “undesirable1 + undesirable2 = desirable” dynamic behavior in superior orbit. 
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1. Introduction 
 
In 1996, Parrondo’s gave a paradox in game theory where two losing games when played alternatively in 
random and deterministic manner gives the winning result. Later on, the fundamental idea of Parrondo’s 
paradox (Switching strategy) is applied in nonlinear science to control the chaos. The switching strategies are 
applied on dynamical system from past ten years in various aspects for controlling the chaotic systems. 
Initially, the concept of Parrondo’s paradox is motivated by molecular motors and Brownian ratchets and for 
a basic study of Parrondo’s paradox in dynamical system one may refer to [5, 6]. Later on, it is applied on two 
real Mandelbrot map where two chaotic maps when iterated alternatively gives ordered map [1]. In dynamical 
system, switching strategy is applied on logistic map in various aspects to control the chaotic situations [2, 3, 4, 
8, 10]. In discrete dynamics, two-step iteration method via superior iterates is introduced by Rani, and Rani et. 
al. [9] showed that the convergence range of the logistic map of the form r x (1-x), x ϵ [0, 1] is extendable to a 
value of r as large as 21 in superior orbits.  
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Over the years, logistic map is long served in development and understanding of nonlinear dynamics. The 
idea of Parrondo’s paradox is studied in maps for condition or situation where “chaos + chaos = order” forms. 
As we know, one of the most application of logistic map (single scaled population) in analysis of ecological 
system. In context of population of non-overlapping generations of insects is studied in form “undesirable + 
undesirable = desirable” [7].  
In this paper, we have implemented a dynamics of system for multi-scaled population in superior orbit i.e. 
two-step iteration method to increase the convergence range. In Section 2, we have described the basic 
parameters, formulas and equations that we have taken into our account for study. In Section 3, we have given 
the description of experimental approach to analyze the modified and extended logistic map in superior orbit. 
In Section 4, we have shown the result obtained by applying our approach to the maps and section 5 closes this 
paper with conclusion. 
 
2. Preliminaries 
 
In this section, we will discuss some basic definitions of our proposed work. 
Definition 2.1 Alternated system: Let us consider an discrete dynamic ܣ௖ǣݔ௡ାଵ ൌ  ݔ௡ଶ ൅ ܿ. The alternated 
system is defined as 
ܣ௖భ௖మǣݔ௡ାଵ ൌ   ݔ௡ଶ ൅ ܿଵ, if n is even, 
                                   ݔ௡ଶ ൅ ܿଶ, if n is odd. 
where x, c, c1 and c2 are real numbers [1]. 
Definition 2.2 Modified logistic map: It is defined as  
   ܺ௡ାଵ ൌ ݎܺ௡௠ሺͳ െ ܺ௡ሻ ൌ ܨ௠ሺݎǡ ܺ௡ሻǡ 
where ݉ ൒ ͳǡ ܺ௡  is less than unity, 0 < ߚ ൑ ͳand ݎ א ሾͲǡ ݎ௠௔௫ሿ . ܨ௠ሺݎǡ ܺ௡ሻ  represents population growth 
during  n cycle. The m parameter represents number of partners required for reproduction [7]. Modified logistic 
map is abbreviated as MLM. 
Definition 2.3 Extended logistic map: It is defined as 
ܨ̴݁ሺܺǢ ߙǡ ݎሻ ൌ ሺݎ̰ܺ݉ሻȀሺߙ ൅ ̰ܺሺ݉ െ ͳሻሻሺͳ െ ܺሻǡ 
where Ͳ ൏ ܺ ൏ ͳǡ Ͳ ൏ ߚ ൑ ͳ , ݎ א ሾͲǡ ݎ௠௔௫ሿ  and Ͳ ൏ ߙ ൏ ͳ  representing the percentage of maximum 
population. There are two important cases of population growth: 
(i) If X < ߙ, the reproduction rate is proportional to ܺ௠Ǥ 
     (ii)  If X ൎ ͳ, then the rate of reproduction is proportional to X [7]. Extended logistic map is abbreviated as 
ELM. 
Definition 2.4 Superior iterates: Let A be a subset of real numbers and ݂ǣܣ ՜ ܣ. For ݔ଴  єܣ, construct a 
sequence {ݔ௡} in the following manner: 
ݔଵ ൌ ߚଵ݂ሺݔ଴ሻ ൅ሺͳ െ ߚଵሻݔ଴; 
ݔଶ ൌ ߚଶ݂ሺݔଵሻ ൅ሺͳ െ ߚଶሻݔଵ; 
.... 
ݔ௡ ൌ ߚ௡݂ሺݔ௡ିଵሻ ൅ሺͳ െ ߚ௡ሻݔ௡ିଵ; 
where Ͳ ൏ ߚ௡ ൑ ͳand ሼߚ௡ሽ is convergent when its value is away from 0 [9]. For sake of simplicity we have 
consideredߚଵǡ ߚଶǡ ǥ ǡ ߚ௡ ൌ ߚ in whole paper. 
 
3. PROPOSED WORK 
In this section, the alternated system is studied in superior orbit (SO), MLM and ELM is used to analyze the 
multi scaled population in SO. 
Let us consider a discrete dynamic ܣ௖ǣݔ௡ାଵ ൌ ݎݔሺͳ െ ݔሻ in SO. Then the alternated system is defined as 
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ܣ௖భ௖మǣݔ௡ାଵ ൌ   ߚሺݎଵݔ௡ሺͳ െ ݔ௡ሻሻ ൅ ሺͳ െ ߚሻݔ௡, if n is even, 
                 ߚሺݎଶݔ௡ሺͳ െ ݔ௡ሻሻ ൅ ሺͳ െ ߚሻݔ௡, if n is odd.    (3.1) 
where x, c, c1 and c2 are real numbers. 
Definition 3.1 Superior modified logistic map: It is defined as  
   ܺ௡ାଵ ൌ ߚ൫ݎܺ௡௠ሺͳ െ ܺ௡ሻ൯ ൅ሺͳ െ ߚሻܺ௡ ൌ ܨ௠ሺݎǡ ܺ௡ሻǡ 
where ݉ ൒ ͳǡ ܺ௡  is less than unity and ݎ א ሾͲǡ ݎ௠௔௫ሿ. ܨ௠ሺݎǡ ܺ௡ሻ represent population growth during the n 
cycle, 0 < ߚ ൑ ͳ. The m represents number of partners required for reproduction. Superior modified logistic 
map is abbreviated as SELM. 
Definition 3.2. Superior extended logistic map:  Let us assume a parameter Ͳ ൏ ߙ ൏ ͳ to generalize our 
results  
ܨ̴݁ሺܺǢ ߙǡ ݎሻ ൌ ߚሺሺݎ̰ܺ݉ሻȀሺߙ ൅ ̰ܺሺ݉ െ ͳሻሻሺͳ െ ܺሻሻ ൅ሺͳ െ ߚሻܺ 
where, Ͳ ൏ ܺ ൏ ͳǡ Ͳ ൏ ߚ ൑ ͳ, ݎ א ሾͲǡ ݎ௠௔௫ሿ. Ͳ ൏ ߙ ൏ ͳ representing the percentage of maximum population. 
There are two important cases of population growth: 
(i) If X < ߙ, the reproduction rate is proportional to ܺ௠Ǥ 
     (ii)  If X ൎ ͳ, then the rate of reproduction is proportional to X [7]. Superior extended logistic map is 
abbreviated as SELM. 
 
4.  Results 
 
In this section, we have studied MLM and ELM to analyze the multi-scaled population i.e. sexual 
reproduction in SO. 
 
4.1 MLM in SO 
 
In SMLM for any m values, rmax(m) is equal to rmax(m +1). As we increase the m value interval between 
rmin(m) and rmax(m) decreases. And also we observe that convergence range of r increases for different m values 
in SO than in Picard orbit. To underline the stable orbits of SMLM we plotted bifurcation diagrams for m = 2 at 
β = 0.8 and β = 0.5. See Fig. 1. The value of pmax  in modified logistic map for m = 2 is 6.75 at β = 1[7]. From 
Fig. 1 we observe that the convergence range of parameter p in SMLM is extended than modified logistic map 
as β tends to 0. At β = 0.8 and 0.5 pmax is 7.20 and 8.70 respectively. And also from Fig. 1, we observe that the 
chaotic range decreases as we decrease the β value, the chaotic range of p at β = 0.8 and 0.5 is [6.52 7.20] and 
[8.39 8.70] respectively.  
 
 
 
 
 
 
 
 
     
 
 
 
 
(a)                                                                        (b) 
Fig. 1 Bifurcation diagram of SMLM at a) β = 0.8 b) β = 0.5. 
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Now, consider the alternated system defined in Eq. 3.1 for SMLM to study the switching model of SMLM, 
i.e. even-odd switching strategy. Let us fix the odd value as ro, and then construct the bifurcation diagram using 
the even parameter value r as bifurcation parameter. Now, we construct a switched bifurcation diagram for the 
SMLM for m = 2 at β = 0.8, and from Fig. 1 select ro = 6.50 a chaotic value (See Fig. 2 (a)). To observe some 
examples of “chaos + chaos = order” we blow up the chaotic region of the diagram. See Fig. 2(b). 
 
 
 
 
 
 
 
 
       
 
 
      
 
(a)                                                            (b) 
Fig. 2 a) Switched bifurcation diagram of SMLM at β = 0.8, ro = 6.50 b) Diagram of blow up chaotic region. 
 
Some examples of control of chaos by applying Parrondo’s paradox a switching strategy for SMLM where 
“chaos + chaos = order” or “undesirable + undesirable = desirable” form. Let us consider two chaotic values r1 
and r2 at m =2 for different β values to form “chaos1 + chaos2 = order”. At β = 0.9, r1 = 6.243, r2 = 6.53 it form 
6-periodic orbit. See Fig. 3(a). And at β = 0.8, r1 = 6.705, r2 = 6.918 we obtain 8-periodic orbit. See Fig. 3(b). 
 
 
 
 
 
 
 
 
 
 
 
(a)                                                    (b) 
Fig. 3 Stable orbits obtained for SMLM a) At β = 0.9, r1 = 6.243, r2 = 6.53 it form 6-periodic orbit b) At β = 0.8, r1 = 6.705, r2 = 
6.918 it form 8-periodic orbit. 
 
4.2 ELM in SO 
 
In SELM, we generalize our results by taking ߙ  parameter representing the percentage of maximum 
population between 0 and 1. To underline the stable orbits of SELM we plot bifurcation diagram for m = 2, α = 
0.04 at β = 0.8 and β = 0.7. See Fig. 4(a), 4(b) respectively. The pmax   parameter value in extended logistic map 
for m = 2, α = 0.04 and β = 1 is 4.24 [7]. From Fig. 4, we observe that the convergence range of parameter p in 
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SELM is extended than the extended logistic map. Value of pmax in SELM is 4.82 and 5.15 at β = 0.8 and 0.7 
respectively. And also, we observe chaotic range of SELM decreases as we decrease β value, chaotic range of p 
at β = 0.8 and 0.7 is [4.458 4.82] and [4.96 5.15] respectively.  
 
 
 
 
 
 
 
         
 
 
 
 
 
(a)                                                     (b) 
Fig. 4 Bifurcation diagram of SELM at a) β = 0.8 b) β = 0.7. 
 
Next, we consider the switched model for SELM by using same strategy as in Section 4.1. The switched 
bifurcation diagram of SELM at (m = 2, β = 0.8, ߙ ൌ ͲǤͳͲ, ro = 5.15). See Fig. 5(a) and to observe some 
“undesirable + undesirable = desirable” dynamic behavior we blow up the chaotic region. See Fig. 5(b).  
 
 
 
 
 
 
 
 
        
 
 
 
 
 
(a)                                                            (b) 
Fig. 5 a) Switched bifurcation diagram of SELM at β = 0.8, ࢻ ൌ ૙Ǥ ૚૙ǡ ro = 5.15 b) Diagram of blow up chaotic region. 
 
Some examples of “chaos + chaos = order” i.e. control of chaos with different β values for SELM. At β = 
0.8, ߙ ൌ ͲǤͲͶ, r1 = 4.572, r2 = 4.864 it form 10-periodic orbit. See Fig. 6 (a). And at β = 0.7,ߙ ൌ ͲǤͲͶ, r1 = 
4.982, r2 = 5.058 we obtain 12-periodic orbit. See Fig. 6 (b). 
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(a)                                                                  (b) 
Fig. 6 Stable orbits obtained for SELM a) At β = 0.8, ࢻ ൌ ૙Ǥ ૙૝, r1 = 4.572, r2 = 4.864 it form 10-periodic orbit b) At β = 
0.8,ࢻ ൌ ૙Ǥ ૙૝, r1 = 4.982, r2 = 5.058 it form 12-periodic orbit. 
 
5  Conclusion 
 
In this paper, we have studied the modified and extended logistic map (i.e. multi-scaled population) in SO. 
And we conclude following remarks: 
x The chaotic range of SMLM and SELM decreases as we decrease the β value. 
x The convergence range of r of SMLM and SELM is extended than MLM and ELM respectively as we 
decrease the β value. 
x We found various examples of “chaos1 + chaos2 = order” or “undesirable1 + undesirable2 = desirable” 
dynamic behavior at different β value. And also, chaotic range of r decreases as β tends to 0. 
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